We investigate the evolution of the complexity and entanglement following a quench in a onedimensional topological system, namely the Su-Schrieffer-Heeger model. We demonstrate that complexity can detect quantum phase transitions and shows signatures of revivals. This observation provides a practical advantage in information processing. We also show that the complexity saturates much faster than entanglement entropy; we elucidate the physics governing the evolution of these quantities, particularly the saturation timescale. Finally, we highlight a property to which the system's complexity is insensitive, but is captured by measures of entanglement, namely topological order.
In recent years, concepts from quantum information (QI) have helped to mold ideas in high-energy physics [1] , namely anti de-Sitter/conformal field theory (AdS/CFT) duality [2] , where a bulk AdS geometry is dual to a CFT living on the boundary. Recent progress has made evident that the entanglement of a (boundary) CFT is related to the emergence of the bulk geometry [3] . This relationship becomes even more puzzling in the context of black hole physics. In some black hole settings, entanglement is not sufficient to capture the dual geometric description. In some situations, certain bulk quantities continue to evolve even after the boundary CFT has equilibrated [4] . As a way out of this conundrum, Susskind proposed that the boundary quantity which continues to evolve after equilibration is the state's complexity [4, 5] and is dual to a volume of codimension-1 time-slice in the bulk AdS spacetime.
Central in QI are notions of distance and uncertainty [6] . Entanglement is quantified by measures of uncertainty and complexity is a measure of distance. Complexity is a concept from the theory of quantum computation [6, 7] . It is the shortest distance between some reference state |ψ R and a target state |ψ T . Operationally, it quantifies the minimal number of operations needed to manipulate |ψ R to |ψ T . Entanglement in quantum field theory has been well studied, and has led to a variety of insights [8, 9] . An understanding of complexity in quantum field theory is in its infancy -Refs. 10 considered circuit complexity in free bosonic quantum field theory using Nielsen's approach [11] (this has been generalized for interacting theories in [12] ); Refs. 13 considered complexity for the same theory using the Fubini-Study distance; complexity for free fermionic theories was discussed in [14] and [15] ; Refs. 16 defines complexity using path-integral; Refs. 17 and 18 discussed the complexity following a quench in bosonic theories. Furthermore, the time evolution of complexity for thermofield-double states has been studied in [19] .
In this work, we investigate the time evolution of (measures of) distance and uncertainty following a quantum quench. We compare the evolution of the complexity (for both the circuit complexity and Fubini-Study approaches) and fidelity with measures of entanglement. To begin with, we elucidate the physics governing the evolution of these quantities, and in particular, their saturation. In the black hole setting, complexity is expected to saturate later than the entanglement entropy. For the system considered here, the opposite occurs. This counterexample raises confusion regarding the holographic description of complexity. Secondly, we investigate revivals in the complexity. We also explore whether complexity can detect different phase transitions. Finally, we highlight a property to which the system's complexity is insensitive, but is captured by measures of entanglement, namely topological order. Our medium for these inves- tigations is a one-dimensional topological insulator [20] , namely the Su-Schrieffer-Heeger (SSH) model [21] . This is a tractable system exhibiting a nontrivial phase diagram, for which these ideas can be scrutinized in detail. It should be noted, so far complexity (and its comparison with entanglement) has only been explored in the context of simple toy models. This work takes steps toward bringing complexity closer to physical systems, and in particular, experiment. The SSH model was first introduced to understand the electronic properties of polyacetylene [21] . Recently, the SSH model has been realized experimentally in cold atom systems [22] [23] [24] [25] .
The SSH model is described by the Hamiltonian
where a l (b l ) destroys a fermion on site-l of sublattice-A (sublattice-B), and t (t ) is the intracell (intercell) tunneling matrix element (see Fig. 1 ). The topological properties are determined by (t, t ). For |t| < |t | (|t| > |t |), the system is a topological (topologically trivial) insulator; |t| = |t | is a quantum critical point (QCP), described by a c = 1 CFT. In what follows, we work in the Neveu-Schwarz sector. The system is readily analyzed in momentum space. By expanding the fermion operators in Fourier modes [k = (2π/N )(m+1/2) with 1 ≤ m ≤ N ]
we get
Eq. 3a is diagonalized by a Bogoliubov transformation
where
We are interested in the quench dynamics of the SSH model -
In what follows, we take |ψ R to be the ground state ofĤ < . We take |ψ T as the state obtained by evolution withĤ > : |ψ T = exp(−itĤ > )|ψ R . More explicitly, let {α <k , β <k } denote the destruction operators ofĤ < . The initial state has the valence band ofĤ < completely filled
where |0 is the Fock vacuum. The final state can be written as [26] 
We are interested in characterizing the circuit complexity for reaching the target state (Eq. 5b) from the reference state (Eq. 5a). A measure of circuit complexity is obtained from the correlation matrix,Ĉ k (t), defined byĈ
where [26] . More specifically, we evolve the initial correlation matrixĈ k (t = 0) by the unitary operatorŨ k (s) [15] ,
is parameterized as the path-ordered exponential
where the {M I } are group generators, the {Y I k } are control functions, and s parameterizes the path. Then, we define a "cost functional," C[{Ũ k (s)}], on the space of unitaries via
By judicious choice of the {Y I k }, we determine the optimal path, i.e. the geodesic (with respect to the cost functional) on the space of unitaries. Then the complexity is simply the length of the geodesic [26] .
We will be interested in comparing the results for the circuit complexity with those obtained from the FubiniStudy line element. To this end, the space of states, Eq. 5b, is given by a Riemannian structure [27] . We start with the Bures distance [28, 29] 
where F 12 is the fidelity
Next, we consider two nearby states |ψ({z k }) and |ψ({z k + dz k }) and obtain the Fubini-Study line element
. One recognizes each term in Eq. 11 to be the line element for a two-sphere S 2 in the CP 1 representation -the state manifold is
We define a metric on the state manifold as [30] 
is a (natural) metric on S 2 . The complexity C is the length of the geodesic connecting |ψ R and |ψ T .
We now discuss our results; we consider the following quenches: (1) topological ↔ non-topological (2) nontopological ↔ critical (3) topological ↔ critical. Results are shown for the following sets of parameters: (1) topological -(t=0.2, t =1) (2) non-topological -(t=1, t =0.2) (3) critical -(t=1, t =1). We begin by characterizing the quenches. To this end, we consider the system's entanglement; in what follows, we will be interested in the entanglement of a spatial partition. For this, we first partition the system into two subsystems A and B and consider the correlation matrix restricted to subsystem-A,Ĉ A (t), whose elements are (m, n ∈ A)
We denote the eigenvalues ofĈ A (t) by {λ n }, referred to as the entanglement spectrum (ES). Measures of entanglement are functions of this ES [26, 31, 32] . Fig. 2 shows results for the entanglement entropy (EE) [26] 
Results are shown for quenches from (a) the critical point to a massive phase (b) a massive phase to the critical point (c) between massive phases. In all of the quenches, the EE first grows linearly and then saturates. At later times, one sees revivals due to the finite system size. Furthermore, we see that the amplitude is larger when quenching between massive phases (compared to when quenching to/from the critical point). The (pseudo-) period of the revivals is larger when quenching to a massive phase (compared to when quenching to the critical point). As shown in the insets, by working with scaled variables, namely S/l vs. t/l, the results collapse onto universal curves. While the results for the quenches have similar features, there are quantitative differences. In particular, when the initial phase is the topological phase, the entropy is (a bit) larger, as the topological phase has greater entanglement.
To further characterize the properties of this system, ES is shown in Fig. 3 . Fig. 3a (Fig. 3b) shows the ES for a quench from the non-topological (topological) to the topological (non-topological) phase. This shows very distinctly the differences in the quenches. In particular, the topological phase has "zero-modes" in the ES, namely states where λ n 1/2. These are due to the edge states that are present in the topological phase (and absent otherwise) [32, 33] . When one starts initially in the topological phase, the zero-mode stays pinned [34] . [Results for the other quenches are qualitatively similar, namely quenches to/from the topological phase are clearly seen in the (evolution of the) zero-modes.]
We now discuss the system's complexity. To get some intuition for how the complexity arises, Fig. 4 shows the evolution of the target state upon quenching from the non-topological phase to the critical point for several values of k. As discussed above, Eq. 5b describes a trajectory on S 2 for each k. We see that Hamiltonian evolution gives rise to a variety of behaviors. Depending on the values of k, the evolution can be close to the geodesic for some values of k (Figs. 4a and b) , while it can be rather distant for other values of k (Fig. 4c) shows quenches to a massive phase. For all the different quenches, the complexity grows extremely rapidly and then saturates, with some oscillations about the saturation value. When quenching to the critical point, distinct revivals appear in the complexity, similar to what occurs in the EE; when quenching to a massive phase, revivals also occur, but they are more pronounced when quenching between massive phases. To better understand these results, the insets of Fig. 5 show results for the negative logarithm of the fidelity: − ln F 12 . This quantity behaves similarly to the complexity. This gives insight into the behavior of the complexity and, in particular, its rapid growth and then saturation. This arises because the target state becomes orthogonal to the reference state rapidly. Note also that revivals appear in the fidelity when quenching to the critical point [35, 36] . However, we see that the signature in the complexity is more pronounced. On the other hand, it appears the circuit complexity, just like entanglement entropy, can only distinguish quenches between the critical point and a massive phase from the quenches between the massive phases. It is not surprising that the circuit complexity and the entanglement entropy behave similarly, while the FubiniStudy approach and fidelity behave similarly. Both the circuit complexity and entanglement entropy are derived from the correlation matrix, while the Fubini-Study approach essentially follows from the fidelity. However, it is not immediately clear why the Fubini-Study approach provides a more sensitive measure of complexity than the circuit approach. In this work, we investigated the evolution of distance and uncertainty following a quantum quench in a one-dimensional topological insulator, namely the Su-Schrieffer-Heeger model. For this model, the complexity saturated much more rapidly than the entanglement entropy. This is contrary to what happens in the blackhole scenario, where the complexity is expected to saturate exponentially slower than the entanglement entropy [5] . The mechanism for this rapid saturation of the complexity is tied to the rapid decay of the fidelity, namely because the final state becomes orthogonal to the initial state very rapidly. We suspect this quick saturation of the complexity is a generic feature to systems whose entanglement exhibit area-law scaling.
Another breakthrough was the observation of the revivals in the complexity. Note that the complexity is (much) less demanding computationally than the entanglement entropy, yet the complexity captures similar information such as revivals and information about different topological transitions. This makes the complexity rather appealing as a probe of quantum phase transitions.
Finally, we noted a potential drawback of complexity in systems with topological order. The topological order of the SSH model derives from the nontrivial topology of its Hilbert space [20] . Topological orders are readily probed on a manifold with a boundary. Gapless edge modes arise due to the topological order [33] . As an entanglement partition behaves as a physical boundary [37] , gapless modes arise in topologically ordered systems, with support along the partition; the low-energy, universal part of the entanglement spectrum is due to these edge modes [38] . The complexity is a property of the system's entire wave function [18] ; as we saw, it does not give information about the topological order. Hence, the complexity appears to be a less sensitive probe than the entanglement (of a spatial partition).
Recently, it was demonstrated that, among the various approaches of computing complexity [10, 11, 13, 15] , circuit complexity obtained directly from the wave function is the most effective [39] . Information is lost in approaches which do not characterize the complexity directly in terms of the system's wave function. It would be interesting to address this issue, doing a thorough comparison of the different approaches to complexity for fermionic systems (as was done for bosonic systems in [39] ). 
In Eq. A4a,
with the phase defined via ∆ k = |∆ k | exp(iθ k ). Physically, α k (β k ) destroys a fermion of momentum-k in the conduction (valence) band.
Let {α <k , β <k } ({α >k , β >k }) be eigenoperators ofĤ < (Ĥ > ):
The {α >k , β >k } are related to the {α <k , β <k } by the unitary transformation
Then,Ĥ > can be written in terms of the eigenoperators ofĤ < aŝ
obey an SU (2) algebra.
Reference and Target States
The time evolution operator can be written aŝ
In what follows, we take as our reference state, |ψ R , the ground state ofĤ < ; we take as our target state, |ψ T , the state obtained by evolution withĤ > : |ψ T = exp(−itĤ > )|ψ R . The initial state has the valence band ofĤ < completely filled
where |0 is the Fock vacuum. The final state is given by
Note: To obtain Eqs. B7b and B7c, we utilized the decomposition [1] exp ωτ
with
[To simplify the notation, we have written γ + as z in Eq. B7b.]
For states of the form Eq. B7b, the fidelity is given by
One obtains the line element
∀ k this is the line element for a two-sphere S 2 in the CP 1 representation. Writing z k = |z k | exp(iφ k ) with |z k | = tan θ k /2, one obtains the line element in the spherical coordinates
This result (Eqs. C3a and C3b) is already anticipated by Eq. B6a -the time-evolution operator moves the system on the group manifold; ∀ k, Eq. B6a moves the system on the Bloch sphere. For a particular momentum, k, the arc-length between two points, s k , is
The geodesics are great circles; the arc-length of the geodesic, C k , is
where (θ 1 , φ 1 ) ((θ 2 , φ 2 )) are the spherical coordinates of the initial (final) point. [The prefactor of 1/2 is the radius of the sphere.] As the initial state is given by Eq. B7a, one obtains (|z k | = tan θ k /2)
For the full state manifold, S 2 × S 2 × · · · × S 2 , define a metric, s, as [5] 
It follows the system's complexity, C, is
From Eq. D6, one obtains the (right-invariant) metric
We solve for the geodesic with the boundary conditions ρ k (s = 0) = 0 , β k (s = 0) = χ 0 k (D9a) ρ k (s = 1) = 1 2 arccos Ĉ k (t) 22 −Ĉ k (t) 11 , β k (s = 1) = arctan − ReĈ k (t) 12 ImĈ k (t) 12 ,
where β k = φ k − χ k . In the above equation(s), χ 0 k is arbitrary. It is evident that we can either solve φ k or χ k unambiguously but not both of them. The subscripts (11, 22, 12) denote the components ofĈ k . The simplest solution for the geodesic is,
Then the complexity is given by
Entanglement
We are interested in the entanglement of a spatial partition. We partition the system into subsystems A and B. Measures of entanglement are obtained from the reduced density matrix for subsystem-A,ρ A = Tr[ρ] withρ being the density matrix of the entire system. For the system considered in this work,ρ A has the form [31, 32] 
where 
C mn (t) can be obtained fromĈ k (t) viaĈ
Then, denoting the eigenvalues ofĈ by {λ n } (0 ≤ λ n ≤ 1), the spectrum of H A , {E n }, is obtained via
A central measure of entanglement is the Renyi entropy
Explicitly, S α = 1 1 − α n ln 1 + e −αEn − ln 1 + e −En α ;
using Eq. D15,
